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We study the effects of both a repulsive and an attractive three body interaction potential on a
spin-1 ultracold Bose gas using mean field approach (MFA). For an antiferromagnetic (AF) inter-
action, we have found the existence of the odd-even asymmetry in the Mott insulating (MI) lobes
in presence of both the repulsive two and three body interactions. In case of a purely three body
repulsive interaction, the higher order MI lobes stabilize against the superfluid phase. However, the
spin nematic (singlet) formation is restricted upto the first (second) MI lobes for the former one,
while there is neither any asymmetry nor spin nematic (singlet) formation is observed for the later
case. The results are confirmed after carefully scrutinizing the spin eigen value and spin nematic
order parameter for both the cases. On the other hand, for an attractive three body interaction,
the third MI lobe is predominantly affected, where it completely engulfs the second and the fourth
MI lobes at large values of the interaction strength. Albeit no significant change is observed beyond
the fourth MI lobe. In the ferromagnetic case, the phase diagram shows similar features as that of
a scalar Bose gas. We have compared our results on the MFA phase diagrams for both types of the
interaction potential via a perturbation expansion in both the cases.
I. INTRODUCTION
Ultracold atoms trapped in optical lattices offer a
scrupulous control over various experimental parameters
and hence serve as a supreme arena to explore the quan-
tum many body phenomena. The successful observation
of the superfluid (SF) to Mott insulator (MI) transition
by Greiner et al. [1] using the spin polarized bosonic 87Rb
atoms trapped in optical lattices is an elegant observa-
tion of the quantum phase transition (QPT). Such efforts
were initiated following the proposal by Jacksh et al. [2]
that the cold atoms in optical lattices can be mapped
onto a Bose Hubbard model (BHM), thereby emphasiz-
ing how the so-called phase transition can be controlled
by tuning the tunneling amplitude and the onsite inter-
particle interaction strength.
The proliferation in the study of QPT seems to bloom
in recent days after the cold atom communities shift their
focus to study the quantum degenerate Bose gas with hy-
perfine spin degrees of freedom. With the technological
revolution, a fist step towards this realization is to employ
the optical trapping mechanism which helps the neutral
atoms to preserve their hyperfine degrees of freedom and
hence qualify to treat them as a spinor Bose gas. This is
in contrast to a magnetic trapping which freezes the spin
degrees of freedom and reduces them to a scalar Bose
gas. Fortunately, a proposition to achieve a spinor Bose
gas is now a reality after the MIT group has confined all
the hyperfine states of 23Na condensates using an optical
dipole trap which opens up a window of opportunities to
explore spin dynamics and quantum magnetism [3, 4].
The pioneering representations of a spin-1 ultracold
Bose gas were first portrayed simultaneously by Ho [5]
and Machida [6] by generalizing the Gross-Pitaevskii
∗ saurabh@iitg.ernet.in
equation using a low energy Hamiltonian for spinor par-
ticles. Contrary to the scalar Bose gas, the spinor Bose
gas can be described by a vector order parameter and
hence all the hyperfine components transform onto each
other through a rotational symmetry in spin space. They
also layout a change in the ground state structure of the
system and analyzed different spin textures and topolog-
ical excitations.
This predication allows several authors to rigorously
go through the rich phase properties possessed by the
spin-1 BHM (SBHM) owing to the presence of an ad-
ditional spin dependent interaction term using diverse
techniques, such as mean field approach (MFA) [7–9],
quantum Monte carlo (QMC) [10–13] and perturbative
expansion [14–16] etc. For an antiferromagnetic (AF)
spin dependent interaction, it was found that the Mott
insulating phase comprises of a spin singlet phase with
even occupation densities and a spin nematic phase with
odd occupation densities, where the latter is seen beyond
one dimension. Also the phase transition from the spin
nematic MI to the SF phase is always second order while
spin singlet MI to SF phase corresponds to first order.
Besides, the formation of the spin nematic-singlet phase
which is responsible for the odd-even asymmetry in the
MI lobes pledge richer characteristics of a spinor Bose
gas over a scalar gas.
However the density matrix renormalization group
(DMRG) studies done in one dimension outlined that
the MI phase with odd occupation densities seem to be a
dimerized phase, and there is no signature of a first order
transition for the spin singlet MI-SF phase [17–20]. More-
over, it displays odd-even asymmetry at higher values of
the spin dependent interaction strength [20]. Further, the
study on the spinor Bose gas appears to progress steadily
in a variety of contexts such as in presence of disorder
[21–23], dipolar interactions [24, 25], extended interac-
tion [26, 27], magnetic field [28–35], spin-orbit coupling
[36–40] etc.
2All of these activities on a spin-1 Bose gas are examined
by keeping in mind only the two body spin independent
and spin dependent interaction terms which evidently
generate curiosity to re-visit their properties in presence
of a three and higher body interactions strengths. The ef-
fects of repulsive three body interaction on spin-0 (scalar)
Bose gas have been subject of intense theoretical study
in recent times after Will et al. [41] claimed to have
experimentally observed the multibody interactions [42–
45]. Unfortunately, effects of such interaction on spin-1
Bose gas are currently lacking and thus motivates us to
explore their ground state properties in presence of such
three body interaction.
The explicit form of the three body interaction was de-
rived by the Tiesinga et al. [46] which consists of both
the spin independent and dependent terms, similar to
that of the two body interaction. Later Silva-Valencia
et al. used this model to obtain the phase diagrams of
the SBHM with only a three body term [47] and both
the two and three body interactions [48] using a DMRG
technique. They claimed that there is no signature of the
odd-even asymmetry in the MI lobes in both the cases
which sharply contradicts the results for a spinor Bose
gas predicted in presence of a two body interaction po-
tential.
This surprising fact gives us an opportunity to study
the spin-1 ultracold Bose gas by considering both two
as well as three body interaction terms using site decou-
pling MFA to compare and contrast their claims. Here
we found that there exists an odd-even asymmetry in the
MI lobes, but the formation of the spin singlet-nematic
MI phase is only restricted upto the second MI lobes.
In a rare move, we extend our calculation for a specific
type of attractive three body interaction on the SBHM to
see the consequences on the phase diagrams, particularly
the existence of odd-even asymmetry in the MI lobes.
Such a three body interaction term which mostly affects
the third MI lobe was earlier studied by Safavi-Naini et
al. [49] on a scalar Bose gas and proposed a possible way
to experimentally observe such type of interactions.
This paper is organized as follows. In section II, we
outline our theoretical model for a spinor Bose gas in
presence of a three body interaction potential. In section
III, we present the phase diagrams of the system for both
types of three body interactions using the MFA and per-
turbative approach. Finally, in section IV we have con-
cluded citing the importance of the results obtained bu
us.
II. MODEL
The Hamiltonian for spin -1 ultracold atoms in pres-
ence of both a repulsive and an attractive three body
interaction (in addition to the usual two body interac-
tion) can be written as [5, 6],
H = −t
∑
<ij>
∑
σ
(a†iσajσ + h.c) +
U2
2
∑
i
(S2i − 2ni)
− µ
∑
i
ni +
U0
2
∑
i
ni(ni − 1) +H
p
3 (1)
where a†iσ is the boson creation operator with spin,
σ = ±1, 0 and ni =
∑
σ niσ, niσ = a
†
iσaiσ is the num-
ber operator at a site i. t is the hopping amplitude from
site i to site j and µ is the chemical potential. The to-
tal spin at a site i is given by, Si = a
†
iσFσσ′aiσ′ where
Fσσ′ are the components of spin-1 matrices. U0 and U2
are the two body spin independent and spin dependent
on-site interactions respectively. Hp3 corresponds to the
repulsive [46] and attractive [49] three body interactions
respectively which are assumed to have the form,
HR3 =
W
6
∑
i
ni(ni−1)(ni−2)+
V
6
∑
i
(S2i −2ni)(ni−2)
(2)
HA3 = U3
∑
i
δni,3 (3)
where the index p refers to the repulsive (R) as well as
the attractive (A) three body interaction potentials. W
and V are the repulsive three body spin independent
and dependent interaction strengths and U3 is the at-
tractive three body interaction strength. It was found
that the repulsive three body interaction strength is re-
lated to the two body interaction strength by, W ∝
(V0/Er)
3/4a2sk
2U20 (as: s wave scattering length, and
k: wave vector) [42] and experimentally a2sk
2 is of
the order of 10−2 to 10−8 [50]. Thus it is reasonable
to consider W << U0 and the relationship, V/U0 =
2(U2/U0)(W/U0) only holds for W << U0 and V << U2
[46]
To study Eq.(1), we shall use the mean field approxi-
mation [9, 14] to decouple the hopping term as,
aˆ†iσaˆjσ ≃ 〈aˆ
†
iσ〉aˆjσ + aˆ
†
iσ〈aˆjσ〉 − 〈aˆ
†
iσ〉〈aˆjσ〉 (4)
Now defining the superfluid order parameter as the equi-
librium value of an operator at a site i as ψiσ = 〈aˆiσ〉,
then Eq.(1) can be written as the sum of the mean field
Hamiltonians, H =
∑
iH
MF
i where H
MF
i is given by,
HMFi =
U0
2
nˆi(nˆi − 1) +
U2
2
(S2i − 2nˆi)− µnˆi +H
p
3︸ ︷︷ ︸
H0
− t
∑
σ
(ψiσaˆiσ + h.c) + t
∑
σ
ψ2iσ
︸ ︷︷ ︸
H
′
(5)
In order to study the SF-MI phase transition, we need
to find the equilibrium values of the SF order parameter,
ψeqi and local densities, ρ
eq
i . To accomplish the task, we
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FIG. 1. In the atomic limit (t = 0), the MI lobe widths for
three body repulsive in (a) and attractive interaction poten-
tials in (b). The odd-even asymmetry exists in Fig.(a) while
in Fig.(b), no asymmetry is observed.
first form the matrix elements of the mean field Hamilto-
nian, HMFi in the site occupation number basis, |nˆiσ〉 as
〈nˆiσ|H
MF
i |nˆ
′
iσ〉, hence diagonalize it starting with some
guess values for ψiσ with ni = 7 and continued this pro-
cess until the self consistency condition for ψeqi is reached.
Finally, we compute the equilibrium SF order parameter
and local densities as,
ψiσ = 〈Ψg|aiσ|Ψg〉; ρiσ = 〈Ψg|niσ|Ψg〉 (6)
where we will drop eq from here and the total SF order
parameter is, ψi =
√
ψ2i+ + ψ
2
i0 + ψ
2
i−.
III. RESULTS
In order to see the effect of both the repulsive and at-
tractive three body interaction on a spin-1 Bose gas, we
first consider the atomic limit, that is, t = 0 in Eq.(1).
In the atomic limit, the system is completely in the insu-
lating phase with an energy gap, Eg in the particle-hole
excitation spectra, which is the difference between the
upper (µ+) and the lower (µ−) values of the chemical po-
tential corresponding to a MI lobe for a given occupancy,
n [21]. For t = 0, corresponding to the repulsive three
body interaction case, the energy eigen values, E0(S, n)
of H0 consists of only the unperturbed terms, that is,
E0(S, n) =
W
6
n(n− 1)(n− 2) +
V
6
[S(S + 1)− 2n](n− 2)
− µn+
U0
2
n(n− 1) +
U2
2
[S(S + 1)− 2n] (7)
which has a common eigenstate |S, Sz, n〉 where the
corresponding operators, namely S, Sz, n commute with
each other. Assuming the spin eigen value, S = 0 for the
even and S = 1 for the odd MI lobes, similar to that in
Ref.[21], the boundary of the MI lobe (µ±) can be found
from the relation, E0(S1, n1) < E
0(S, n) < E0(S2, n2),
where S1,2, n1,2 are the lower and higher spin and den-
sity values respectively corresponding to particular S, n
values. In the AF case, this inequality gives the following
conditions, which can be stated as,
(i) For the odd MI lobes ( that is, n = 1, 3, ...): (n −
1) + (n − 1)(n − 2)W/2U0 + (1 − n)V/3U0 < µ/U0 <
n−2U2/U0+n(n−1)W/2U0−(n−1)V/U0. If we equate
these two µ values, we shall obtain a critical U2/U0, given
by U c2/U0 = 1/2+ (n− 1)[W/2U0 − V/3U0] below which
the odd MI lobes exist and above which the odd MI lobes
vanish.
(ii) For even MI lobes ( that is, n = 2, 4, ..): If U2/U0 <
U c2/U0, then (n− 1)− 2U2/U0 + (n− 1)(n− 2)W/2U0 +
(2 − n)V/U0 < µ/U0 < n + n(n − 1)W/2U0 − nV/3U0.
For U2/U0 > U
c
2/U0, n−3/2−U2/U0+(n−2)
2W/2U0+
2(2−n)V/3U0 < µ/U0 < n+1/2−U2/U0 +n
2W/2U0−
2nV/3U0.
If we plot all these equations for different values of
W/U0, V/U0, we shall obtain the structures for the MI
lobes as shown in Fig.1(a). At W/U0 = 0.1, which yields
V/U0 = 0.2U2/U0, the even MI lobes become more sta-
ble compared to the odd MI lobes, and the width of
the chemical potential, µ for all the MI lobes, except
the first one, increases with the three body interaction
strength,W . Interestingly, the critical U c2/U0 for the dis-
appearance of all odd MI lobes in the absence of W/U0
was 0.5 [21], which now changes to 0.53 and 0.553 at
W/U0 = 0.1 corresponding to the third and the fifth
odd MI lobes respectively. We have also considered a
higher value of W/U0, namely, W/U0 = 0.5, for which
V/U0 = 0.05 ∼ U2/U0 and found that the chemical po-
tential widths get enhanced, thereby making inroads for
the MI phase. Thus the MI lobes become more stable
compared to the SF phase. This clearly suggests of an
existence of an odd-even asymmetry in the successive MI
lobes even in presence of the three body interaction. We
shall discuss this in a shortwhile.
Now we shall include the attractive three body interac-
tion, HA3 in H
0 to see how it effects the MI phase. Again
assuming same spin eigen values for the odd and even
MI lobes, we have obtained the boundaries of each of the
MI lobes individually and plotted them in Fig.1(b) for
different values of U3/U0 corresponding to the AF case.
It shows that at a representative value for U3, namely,
U3/U0 = −0.5, although there is no change in the first
and the fifth MI lobes but surprisingly the third MI lobe
expands considerably, thereby engulfing the second and
the fourth MI lobes. This result is in contrast with that
for the repulsive three body interaction. Also, while the
critical values for U2/U0 for the first and the fifth MI
lobes remain at 0.5 however the third MI lobe vanishes
when U c2 > U0/2 − U3. Further, for a larger value of
U3/U0 = −1.1, the third MI lobe grows larger compared
to the other MI lobes by completely encroaching into
the second and the fourth MI lobes. This implies that
there exists a critical value of U3 below which the second
and the fourth MI lobes survive, and it corresponds to
U c3/U0 = 1 + 2U2/U0.
Similarly for the ferromagnetic case, the MI lobes are
identical with a spin-0 (scalar) Bose gas in presence of
both the repulsive and the attractive three body interac-
tion potentials. The chemical potential width increases
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FIG. 2. Phase diagrams with W/U0 for U2/U0 = 0.05 in (a)
and U2/U0 = 0.3 in (b). In both cases, such asymmetry is
observed. The population fraction, Nσ/N with occupation
densities, ρ is shown in (c) which indicates that the spin sin-
glet formation is only possible at the second MI lobe.
for the second and higher MI lobes with the inclusion of
W/U0, while the third MI lobe gets affected by the in-
clusion of the attractive three body interaction term.
Next we turn on the hopping strength and obtain the
phase diagram via the mean field approximation (MFA)
(see Eq.(5)) for a complete visualization about the exis-
tence of the odd-even asymmetry and hence to explore
the nature of the MI-SF phase transition in presence of
three body interactions.
Recently, the phase diagrams of SBHM in presence of
both the two and three body repulsive interaction were
obtained by Silva-Valencia et al. [48] using DMRG tech-
nique in the AF case, where they have claimed that the
odd-even asymmetry only exists for small values of the
hopping strength, that is, t/U0. But as the hopping
strength is increased, such asymmetry vanishes and there
is a signature of a phase transition from a longitudinal
polar (LP) to a transverse polar (TP) SF phase.
To crosscheck their claims, here we will use same pa-
rameter values, that is, U2/U0 = 0.05 for the AF case.
The MFA phase diagrams are shown in Fig.2(a) for dif-
ferent values of W/U0. At W/U0 = 0.1, we found that
although there is no modification of the first MI lobe,
the second and the higher MI lobes get enhanced with
W/U0 as seen from Fig.1(a). On increasing W/U0, the
MI phase encroaches more into the SF regime, pushing
the system towards an insulating phase which results in
increase of the location for the MI-SF phase transition,
tc/U0.
We have also considered a higher value for the spin
dependent interaction, that is, U2/U0 = 0.3 and the re-
sulting phase diagrams with similar W/U0 are shown in
Fig.2(b). At higher value of W/U0 = 0.5, we have cho-
sen V = 0.1 6= 2U2/U0W so that V << U2. This result
convincingly demonstrates the existence of the odd-even
asymmetry in the insulating phase. The phase diagrams
corresponding to W/U0 = 0 included for comparison,
were studied earlier in Refs.[9, 14]. So it is quite rea-
sonable to conclude that the odd-even asymmetry in the
MI lobes that exists in the MFA phase diagrams with the
three body interaction is not an artifact of this method,
but rather emphasizes far rich phase properties that a
spinor Bose gas exhibit.
Also to verify the signature of the LP to TP SF phase
transition reported in Ref.[48], we have plotted the pop-
ulation fraction, Nσ/N as a function of the occupa-
tion densities, ρ for W/U0 = 0.1, 0.5 in Fig.2(c). At
U2/U0 = 0.05, it shows that two hyperfine populations
are equal, that is, N+/N = N−/N and N±/N domi-
nates over N0/N for all values of W/U0. This suggests
that the SF phase obtained from the MFA is completely
in the transverse polar phase since N± > N0, and that
there is no crossover between the N±/N and N0/N indi-
cates an absence of such phase transition. This result is
again inconsistent with the finding of Ref.[48]. However,
surprisingly, it tells us that the spin singlet formation
is only restricted at the second MI lobe (ρ = 2) where
N±/N = N0/N , while for the fourth MI lobe (ρ = 4), the
hyperfine fractions differ from each other [13]. This issue
will be made more clear in the upcoming discussion.
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FIG. 3. 1D variation of ρ with W/U0 for U2/U0 = 0.05 and
U2/U0 = 0.56 in (a). Phase diagram with purely three body
repulsive interaction strength, V with W = 1 and U2 = U0 =
0.0 in (b).
In Fig.3(a), we have shown variations of the local den-
sity, ρ as a function of the chemical potential to ascer-
tain the order of MI-SF phase transition for different
values of W/U0. We have found that for smaller val-
ues of U2/U0 = 0.05, the MI-SF phase transition still
maintains a first order character for the even, and a sec-
ond order for the odd MI lobes at both the values of
W/U0 as pointed out earlier in Refs.[9, 12] which do
5not include a three body interaction term. For larger
U2/U0 = 0.3, there is no signature of the first order tran-
sition for the even MI lobes, as it was found in Ref.[12],
but all the MI-SF phase transitions are of second order in
nature. We have also checked that the first and third odd
MI lobes disappear when the spin dependent interaction
value satisfies, U2/U0 = 0.53 ≥ U
c
2/U0 at W/U0 = 0.1
and U c2/U0 = 0.967 for W/U0 = 0.5 [Fig.3(a)].
It is also quite interesting to investigate the effects of
only the repulsive three body interaction (without a two
body interaction) on a spin-1 ultracold Bose gas, which
was studied in Ref.[47] using DMRG technique. For this
purpose, we set U2 = U0 = 0, W = 1 and the result-
ing MFA phase diagrams with different values of the
three body spin dependent interaction, V are shown in
Fig.3(a). The results show that although the MI lobe
with unit occupancy (ρ = 1) is absent, however the sec-
ond and the higher order MI lobes are more stable than
the SF phase. At larger values of the spin dependent
three body term, V , that is at V = 0.5, the chemical
potential widths of the second and the third MI lobes
shrink, thereby resulting in the stability of the fourth MI
lobes. This clearly indicates that the odd-even asymme-
try is completely absent when only the three body inter-
action is present and these phase diagrams are in qual-
itative agreement with the results in Ref.[47]. Finally,
by comparing the results of Fig.2(a)(b) and Fig.3(a), we
conclude that the two body spin dependent interaction
is solely responsible for the odd-even asymmetry in the
MI lobes, while the three body interaction just adds to
the stability of the insulating phases.
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FIG. 4. Phase diagrams in case of an attractive three body
interaction in the AF case for U2/U0 = 0.05 in (a) and
U2/U0 = 0.3 in (b). In both the cases, the third MI lobe
predominantly stabilizes by encroaching into the second and
the fourth MI lobes.
Now we shall consider the attractive three body inter-
action, U3/U0 and the phase diagrams for the AF case
are shown in Fig.4. For U2/U0 = 0.05 [Fig.4(a)], we have
found that at U3/U0 = −0.5, the third MI lobe grows
considerably by spanning into both the second and the
fourth MI lobes, while the first MI lobe remains unaf-
fected as seen from Fig.1(b). At U3/U0 = −1.1, the
third MI lobe completely occupies the second and the
fourth MI lobes since the critical value of U3/U0 below
which they exist corresponds to 1+ 2U2/U0 as seen from
Fig.1(b). On increasing U3/U0, it further stabilizes the
third MI phase and hence the critical tunneling strength,
tc/U0 also increases for the MI-SF phase transition. Sim-
ilar effects are observed for higher values of U2/U0 = 0.3
in Fig.4(b) corresponding to different values of U3/U0.
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FIG. 5. The total spin eigen value, 〈S2〉 variation in the AF
case with W/U0 corresponding to MI lobe with ρ = 3 and
ρ = 4 in (a). It shows that the spin singlet formation is
impossible for ρ = 4 MI lobe. The occupation densities, ρ
and 〈S2〉 variation in case of a purely three body repulsive
interaction show 〈S2〉 = 4 for the ρ = 3 and ρ = 4 MI lobes
(b).
In order to support our MFA phase diagrams more
convincingly, we now shift our attention to the perturba-
tive mean field approaches (PMFA) for both types of the
three body interaction. For this, we first calculate the to-
tal spin eigen value, 〈S2〉 corresponding to the even and
odd MI lobes and the results for the AF case are shown
in Fig.5.
For U2/U0 = 0.05, we have found that 〈S
2〉 = 2.000
for the first and 〈S2〉 = 0 for the second MI lobes, while
for the ρ = 3 lobe, 〈S2〉 ≃ 2.0025 and for the ρ = 4
MI lobe, 〈S2〉 ≃ 0.0282 at W/U0 = 0.1. On increasing
W/U0 = 0.5, 〈S
2〉 remains same for the first and the sec-
ond MI lobes but has a value 〈S2〉 ≃ 2.05 for the third
and 〈S2〉 ≃ 0.553 for the fourth MI lobes. The second
and the fourth MI lobes show a first order transition to
the SF phase [Fig.5(a)]. This re-emphasizes our previous
prediction of possible spin singlet formation only for the
second but not for the fourth MI lobe. This was also
outlined earlier from Nσ/N behavior as a function of ρ.
At U2/U0 = 0.3, we have observed similar 〈S
2〉 variation
for the third and the fourth MI lobes all values of W/U0.
To make our point regarding the spin singlet forma-
tion more emphatic, we have computed the z-component
of the spin nematic order parameter, is defined as, Qzz =
〈S2z〉 − (1/3)〈S
2〉 [12, 17, 33, 51] which is shown in Fig.6
for different values of W/U0 corresponding to all the MI
lobes. For U2/U0 = 0.05, it shows that Qzz is finite for
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FIG. 6. The spin nematic order parameter, Qzz for all four
MI lobes for U2/U0 = 0.05 with different W/U0. For the odd
MI lobes, Qzz is finite in the MI phase, then shows a second
order transition to the SF phase. But in the MI phase for the
second lobe ρ = 2, Qzz = 0, while it is Qzz 6= 0 for the fourth
MI lobe (ρ = 4). Further, Qzz shows a first order transition
to the SF phase.
a second order transition to the SF phase. However for
the second MI lobe (ρ = 2), Qzz completely vanishes in
the MI phase and then shows a jump to the SF phase at
both values of W/U0. While for the fourth (ρ = 4) MI
lobe, we observe that the spin nematic order parameter
is finite in the MI phase, but still maintains a first or-
der transition to the SF phase regardless of the value of
W/U0. At U2/U0 = 0.3, for the second and the fourth
MI lobes, Qzz exhibits similar variation in the MI phase
and hence registers a second order transition to the SF
phase. This finally supports the claim made earlier about
the possible spin singlet formation only in the second MI
lobe which does not occur in the fourth MI lobe.
But in case of a purely repulsive three body interac-
tion (U2 = U0 = 0.0), we have noticed that the 〈S
2〉 = 4
for the third and the fourth MI lobes, while ρ = 2
shows an oscillatory behavior of 〈S2〉 as a function of
V as shown in Fig.5(b). Further, the population fraction
shows that the SF phase is completely in the TP phase
since N±/N > N0/N [Fig.5(b)].
At this point, we are ready to perform the perturbation
expansion (PMFA) using the above information on the
spin eigen values, 〈S2〉 to determine the modified ground
state energy, Eg with H
′
as the perturbation term [see
Eq.(5)]. In the AF case, using the same eigenstate for
H0 from Ref.[14], Eg, after incorporating the first and
the second order corrections, can be expressed in a series
expansion of ψ of the form,
Eg(ψ) = E
0 + E1 + E2
= E0 + C2(U0, U2, µ, n,W, V, U3)
∑
σ
ψ2σ (8)
Minimization of Eg(ψ) with respect to ψ leads to
C2(U0, U2, µ, n,W, V, U3) = 0 which yields the boundary
between the SF and the MI phases.
In presence of two and three body repulsive interaction
potentials, the above condition for the even MI lobes with
〈S2〉 = 0 yields,
(1
t
)
=
n/3
α+ 2U2 − (n− 2)[δ + V ]
+
(n+ 3)/3
β + nδ − nV/3
(9)
while for the odd MI lobes with 〈S2〉 = 2, it corresponds
to,
(1
t
)
=
(n+ 2)/3
α− (n− 2)δ + γ/3
+
(n+ 1)/3
β − 2U2 + nδ − γ
+
4(n− 1)/15
α+ 3U2 − (n− 2)δ − (4n− 10)V/3
+
4(n+ 4)/15
β + U2 + nδ + 2nγ/3
(10)
where α = µ− (n− 1)U0, β = −µ+nU0, δ = (n− 1)W/2
and γ = (n− 1)V .
We have seen that 〈S2〉 = 2 only for the first and
〈S2〉 = 0 for the second MI lobes and thus we shall re-
strict our calculation upto the second MI lobe and the re-
sulting phase boundaries are plotted with W/U0 in Fig.2
(dashed lines). At both values of U2/U0 and W/U0, the
analytical phase diagrams are in excellent agreement with
the MFA results except at the tip of the second MI lobe.
In Fig.7(b), we have shown the 〈S2〉 variation as a func-
tion of ρ, hence carry out similar PMFA and finally map
them with mean field phase diagrams for the attractive
three body interaction potential. For U2/U0 = 0.05, it
shows that 〈S2〉 = 0 for all even and 〈S2〉 = 2 for all odd
MI lobes at all values of U3/U0. This helps us to obtain
the boundary equation for each odd and even MI lobes
individually and they have been plotted with U3/U0 in
Fig.4 (dashed lines). For U2/U0 = 0.05, the phase di-
agrams obtained via PMFA and numerically computing
Eq.(5) are in accordance with each other for all values
of U3/U0. However, for U2/U0 = 0.3, a minor mismatch
is observed at tip of the third MI lobe corresponding to
U3/U0 = −2.0.
It has to be noted that such disparity between the two
approaches are due to the less sensitivity of MFA in lower
dimensions and it is not an appropriate tool to handle
fluctuations properly [14]. Further if we solve the above
equations [Eq.(9) and Eq.(10)], which are quadratic in
µ indicates that the critical hopping strength, tc/U0 de-
noting the location of the MI-SF phase transition (by
equating µ+ and µ−) is now a function of W and U3 and
increases with the strength of the three body interaction
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FIG. 7. The occupation density, ρ in (a) and spin eigen value,
〈S2〉 in (b) for U2/U0 = 0.05 with different values of U3/U0.
The occupation densities show that odd-even asymmetry re-
mains intact beyond ρ = 4 MI lobe. The spin nematic order
parameter, Qzz for the MI lobes with ρ = 3 in (c) and ρ = 2 in
(d) with U3/U0 shows that the SF phase is a nematic phase.
potentials.
The phase diagrams in Fig.4 show that the attractive
three body interaction diminishes the odd-even asymme-
try around the second and the fourth MI lobes, which
typically raises one concern, namely, whether there will
be any such asymmetry left beyond the fourth MI lobe.
To answer that, we have displayed the occupation density
for values larger than ρ = 4 and found that the chemical
potential widths for the fifth as well as the sixth MI lobes
remain unaltered for different values of U3/U0 [Fig.7(a)].
This certainly signifies the importance of such interac-
tion potentials solely around the third MI lobe and also
indicates that the asymmetry being intact beyond the
fourth MI lobe. Also, for U2/U0 = 0.05, the transition
from the spin singlet MI to the SF phase still maintains
a first order character for the even MI lobes, while it
shows a second order transition for the odd MI lobes at
U3 = −0.5 [Fig.7(d)]. But the MI-SF phase transition
for the third (ρ = 3) MI lobe shows a first order transi-
tion at both values of U3, that is, U3 = −1.1 and −1.4
[Fig.7(c)].
The mean field phase diagrams corresponding to the
ferromagnetic case are identical with that of the scalar
Bose gas as obtained earlier in Refs.[42, 44, 45] for the
repulsive and in Ref.[49] for the attractive three body
interactions. All the MI lobes stabilize with increasing
repulsive three body strength, W/U0, while in the other
case, only the third MI lobe stabilizes as U3/U0 is in-
creased. We have also performed similar perturbation
calculations and they are in complete agreement with
the MFA phase diagrams.
IV. CONCLUSION
In this work, we have explored the consequences of
both the repulsive as well as the attractive three body
interaction on the phase diagrams of a spin-1 Bose Hub-
bard model (BHM) using mean field approximations.
For antiferromagnetic (AF) spin dependent interac-
tion, we first consider both the repulsive two and three
body interactions together and have found the existence
of the odd-even asymmetry in the MI lobes which is in
contradiction with the results obtained in Ref.[48]. How-
ever, we have noticed that the spin nematic (singlet) for-
mation only possible at the first (second) MI lobe which
were subsequently confirmed by computing the total spin
eigen value and spin nematic order parameter. Further,
we have confirmed that the superfluid (SF) phase is com-
pletely in transverse polar (TP) state and there is no sig-
nature of any phase transition therein which is again in
contradiction with Ref.[48].
But in case of only three body repulsive interaction,
the phase diagram shows that the higher order MI lobes,
excluding the first one, stabilize against the SF phase and
there is no indication of the odd-even asymmetry in the
MI lobes which are qualitatively in agreement with the
results of Ref.[47]. Thus we can conclude that the two
body interaction is totally responsible for such asymme-
try in the MI lobes, while the three body interaction acts
as a catalyst to stabilize the insulating phases, against
the SF phase.
For an attractive three body interaction in the AF
case, the third MI lobe is severely affected and it breaks
odd-even asymmetry in the neighborhood of the second
and fourth MI lobes at higher values of the interaction
strength. Although, the behaviour of the spin eigen value
and the nematic order parameter behaviour tells us that
the asymmetry is still present beyond the fourth MI lobe.
In the ferromagnetic case, the phase diagrams are sim-
ilar to that of the spin-0 Bose gas for both the repulsive
[42, 44, 45] and the attractive [49] three body interac-
tions. Finally, all these MFA phase diagrams are com-
pared with the analytical phase diagrams obtained using
perturbative expansions.
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